We show that every Stein or Weinstein domain may be presented (up to deformation) as a Lefschetz fibration over the disk. The proof is an application of Donaldson's quantitative transversality techniques.
Introduction
In this paper, we prove the existence of Lefschetz fibrations (certain singular fibrations with Morse-type singularities) on Stein domains (from complex geometry) and on Weinstein domains (from symplectic geometry). These two results are morally (and, in fact, logically) linked by the close relationship between Stein and Weinstein structures established in the book by Cieliebak-Eliashberg [CE12] . Nevertheless, they can be understood independently from either a purely complex geometric viewpoint or from a purely symplectic viewpoint.
Lefschetz fibrations on Stein domains
We begin by explaining our results for Stein domains. Definition 1.1. A Stein manifold is a complex manifold V which admits a smooth exhausting J-convex function φ : V → R.
Definition 1.2. A Stein domain is a compact complex manifold with boundary
1 V which admits a smooth J-convex function φ : V → R with ∂V = {φ = 0} as a regular level set.
For example, if V is a Stein manifold with smooth exhausting J-convex function φ : V → R with {φ = 0} as a regular level set, then V := {φ ≤ 0} is a Stein domain. In fact, it is not hard to see that (with our convention for complex manifolds with boundary) every Stein domain is of this form. Definition 1.3. Let D 2 ⊆ C denote the closed unit disk. A Stein Lefschetz fibration is a holomorphic map π : V → D 2 where V is a compact complex manifold with corners, such that:
• (Singular fibration) The map π is a (smooth) fibration with manifold with boundary fibers, except for a finite number of critical points crit(π) in the interior of V .
• (Non-degenerate critical points) Near each critical point p ∈ crit(π), there are local holomorphic coordinates in which π is given by (z 1 , . . . , z n ) → n i=1 z 2 i (according to the complex Morse lemma, this holds iff the complex Hessian at p is non-degenerate). Furthermore, all critical values are dinstinct.
• (Stein fibers) There exists a J-convex function φ : V → R with ∂ h V = {φ = 0} as a regular level set, where ∂ h V := p∈D 2 ∂(π −1 (p)) denotes the "horizontal boundary" of V .
The total space V of any Stein Lefschetz fibration may be smoothed out to obtain a Stein domain V sm , unique up to deformation. Specifically, for any function g : R <0 → R satisfying g ′ > 0, g ′′ > 0, and lim x→0 − g(x) = ∞, the function Φ g := g(|π| 2 − 1) + g(φ) is an exhausting J-convex function on V
• . Moreover, the critical locus of Φ g stays away from ∂V as g varies in any compact family (this follows from the obvious inclusion crit(Φ g ) ⊆ p∈D 2 crit(φ| π −1 (p) ) and the fact that the latter is a compact subset of V \ ∂ h V ). As a result, the sublevel set {Φ g ≤ M} is a Stein domain which, up to deformation, is independent of the choice of g and the choice of M larger than all critical values of Φ g . We denote this (deformation class of) Stein domain by V sm , which, of course, depends not only on V , but also on π.
The simplest (and weakest) version of our existence result is the following. Deformation is meant in the sense of a real 1-parameter family of Stein domains. The nature of the deformation required is made explicit by considering the following stronger version of our existence result. Theorem 1.5. Let V be a Stein domain. For sufficiently large k < ∞, there exists a holomorphic function π : V → C such that:
• For |π(p)| ≤ 1 and p ∈ ∂V , we have dπ(p)| ξ = 0.
We may, in addition, require that π −1 (D 2 ) contain any given compact subset of V • .
Theorem 1.4 follows from Theorem 1.5 by smoothing out the deformation {π −1 (D 2 r )} 1≤r<∞ (this argument is given in detail in §5). Theorem 1.5 is a corollary of the following, which is the main technical result of the paper. Theorem 1.6. Let V be a Stein manifold, equipped with a smooth exhausting J-convex function φ : V → R. For every sufficiently large real number k, there exists a holomorphic function f : V → C such that:
• |f (p)| ≤ e 1 2 kφ(p) for p ∈ {φ ≤ 1}.
• |f (p)| + k −1/2 |df (p)| ξ | > η for p ∈ {φ = 0} (df measured in the metric induced by φ).
where ξ denotes the Levi distribution on {φ = 0} ⊆ V , and η > 0 is a constant depending only on the dimension of V .
To prove Theorem 1.5 (for V := {φ ≤ 0}) from Theorem 1.6, we take π to be (a small perturbation of) η −1 · f , which works once k is sufficiently large (this argument is given in detail in §5). To prove Theorem 1.6, we use methods introduced by Donaldson [Don96] (this proof occupies §2-4). A closely related result was obtained by Mohsen [Moh13] also using Donaldson's techniques.
Lefschetz fibrations on Weinstein domains
Next, we turn to our result for Weinstein domains. Definition 1.7. A Weinstein domain is a compact symplectic manifold with boundary (W, ω) equipped with a 1-form λ satisfying dλ = ω and a Morse function φ : W → R which has ∂W = {φ = 0} as a regular level set and for which X λ (defined by ω(X λ , ·) = λ) is gradient-like. 
obtained by lifting the exact Lagrangians L j . We give this construction in detail in §6.
We will prove the following existence result.
Theorem 1.9. Let W be a Weinstein domain. There exists an abstract Weinstein Lefschetz fibration
Deformation is meant in the sense of a 1-parameter family of Weinstein domains, but where the requirement that φ be Morse is relaxed to allow birth death critical points. Theorem 1.9 is deduced from Theorem 1.4 using the existence theorem for Stein structures on Weinstein domains proved by Cieliebak-Elaishberg [CE12, Theorem 1.1(a)]. The main step is thus to show that a Stein Lefschetz fibration π : V → D 2 naturally gives rise to an abstract Weinstein Lefschetz fibration whose total space is deformation equivalent to V sm (the details of this argument are given in §6).
In current work in progress, we hope to apply Donaldson's techniques directly in the Weinstein setting to produce on any Weinstein domain W an approximately holomorphic function f : W → C satisfying conditions similar to those in Theorem 1.6, and thus give a proof of Theorem 1.9 which does not appeal to the existence of a compatible Stein structure.
Given Theorem 1.9, it is natural to ask whether every deformation equivalence between the total spaces of two abstract Weinstein Lefschetz fibrations is induced by a finite sequence of moves of some simple type. Specifically, applying any of the following operations to an abstract Weinstein Lefschetz fibration preserves the total space up to canonical deformation equivalence, and it is natural to ask whether they are enough.
• (Deformation) Simultaneous Weinstein deformation of W 0 and exact Lagrangian isotopy of (L 1 , . . . , L m ).
•
• (Hurwitz moves) Let τ L denote the symplectic Dehn twist around L, and replace
• It would be very interesting if the methods of this paper could be brought to bear on this problem as well.
Remark 1.10. The reader is likely to be familiar with more geometric notions of symplectic Lefschetz fibrations (e.g., as in Seidel [Sei08b, §15d] or Bourgeois-Ekholm-Eliashberg [BEE12, §8.1] and the references therein), and may prefer these to the notion of an abstract Weinstein Lefschetz used to state Theorem 1.9. We believe, though, that the reader wishing to construct a symplectic Lefschetz fibration in their preferred setup with the same total space as a given abstract Weinstein Lefschetz fibration will have no trouble doing so (e.g., see Seidel [Sei08b, §16e] ).
Seidel [Sei08b, Sei08a, Sei09, Sei12] has developed powerful methods for calculations in and of Fukaya categories coming from Lefschetz fibrations, in particular relating the Fukaya category of the total space to the vanishing cycles and the Fukaya category of the central fiber. Our existence result shows that these methods are applicable to any Weinstein domain. We should point out, however, that, while our proof of existence of Lefschetz fibrations is in principle effective, it does not immediately lead to any practical way of computing a Lefschetz presentation of a given Weinstein manifold.
Remarks about the proof
We outline briefly the proof of Theorem 1.6 (the main technical result of the paper), which occupies §2-4. As mentioned earlier, the proof is an application of Donaldson's quantitative transversality techniques, first used to construct symplectic divisors inside closed symplectic manifolds [Don96] .
The J-convex function φ : V → R determines a positive line bundle L on V . We consider the high tensor powers L k of this positive line bundle. Using L 2 -methods of Hörmander [Hör65] and Andreotti-Vesentini [AV65] , one may construct "peak sections" of L k , that is, holomorphic sections s : V → L k which are "concentrated" over the ball of radius k −1/2 centered at any given point p 0 ∈ V := {φ ≤ 0} and have decay |s(p)| = O(e −ǫ·k·d(p,p 0 ) 2 ) for p ∈ {φ ≤ 1}.
Donaldson introduced a remarkable method to, given enough localized sections, construct a linear combination s : V → L k which satisfies, quantitatively, any given transversality condition which is generic. The key technical ingredient for Donaldson's construction is a suitably quantitative version of Sard's theorem, and this step was simplified considerably by Auroux [Aur02] . The function f asserted to exist in Theorem 1.6 is simply the quotient of such a quantitatively transverse section s : V → L k by a certain tautological section [Gir02] to construct open books on contact manifolds in any dimension. Mohsen [Moh01, Moh13] extended the techniques of Donaldson and Auroux to construct sections whose restrictions to a given submanifold satisfy certain quantitative transversality conditions. He also showed that this result implies both the uniqueness theorem of Auroux on symplectic divisors and the contact theorem of Ibort-Martínez-Presas. His main observation is that the quantitative Sard theorem applies to real (not just to complex) polynomials. This plays an important role in the present work; it makes it possible to obtain quantitative transversality for the restriction of a holomorphic section to a real hypersurface.
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Kähler geometry
For a complex vector bundle E with connection d over a complex manifold M, we denote by
the complex linear and complex conjugate linear parts of the exterior derivative d : 
′′ * denote the corresponding Laplacians. Recall that on any holomorphic vector bundle with a Hermitian metric, there exists a unique connection compatible with the metric and the holomorphic structure, called the Chern connection.
Lemma 2.1 (Bochner-Kodaira-Nakano identity). Let E be a holomorphic Hermitian vector bundle over a Kähler manifold. Then we have:
where Θ(E) is the curvature of E and Λ is the adjoint of L := · ∧ ω.
For a holomorphic Hermitian vector bundle E over a Kähler manifold, there is an induced Hermitian metric on E ⊗ Ω 0,q . The operator
further equips E ⊗ Ω 0,q with an anti-holomorphic structure. Together these induce a Chern connection on E ⊗ Ω 0,q . We denote this connection by 
Now since
operating on E ⊗ Ω 0,q , we may combine (2.1) and (2.2) to produce the following Weitzenböck formula:
operating on E⊗Ω 0,q . We remark, for clarity, that the first composition is of maps E⊗Ω 0,q ⇄ E ⊗ Ω 0,q ⊗ Ω 1,1 and the second composition is of maps E ⊗ Ω 0,q ⇄ E ⊗ Ω 1,q+1 . We have followed Donaldson [Don90, p36] in the derivation of this identity. 
Proof. Integrating by parts, we find that:
The same integration by parts with ∇ in place of d gives:
Now we take the difference of these two identities and use (2.3) to obtain (2.4).
L
The L 2 theory that we review here is due to Hörmander [Hör65] and Andreotti-Vesentini
Lemma 2.3. Let E be a holomorphic Hermitian vector bundle over a complete Kähler manifold M. We consider sections u of E ⊗ Ω p,q .
Proof. This is essentially a special case of Friedrichs' result [Fri44] which applies more generally to any first order differential operator. We outline the argument, which is also given in Hörmander [Hör65, Proposition 2.1.1] and Andreotti-Vesentini [AV65, Lemma 4, Proposition 5].
We prove the first statement only, as the proof of the second is identical. Let u be given. Composing the distance function to a specified point in M with the cutoff function x → max(1 − ǫx, 0), we get a function f ǫ : M → R with sup |f ǫ | ≤ 1 and sup |df ǫ | ≤ ǫ, so that f ǫ → 1 uniformly on compact subsets of M as ǫ → 0. Using these properties, it follows that
Since M is complete, f ǫ is compactly supported. Hence we may assume without loss of generality that u is compact supported.
Since u is compactly supported, we may use a partition of unity argument to reduce to the case when u is supported in a given small coordinate chart of M. Now in a small coordinate chart, choosing trivializations of the bundles in question, the operator d ′′ is a first order differential operator D with smooth coefficients. It can now be checked (and this is the key point) that D(u * ϕ ǫ ) − Du * ϕ ǫ 2 → 0, where ϕ ǫ := ǫ −n ϕ(x/ǫ) is a smooth compactly supported approximation to the identity. It follows that the convolutions u * ϕ ǫ give the desired approximation of u by smooth functions of compact support.
Proposition 2.4. Let E be a holomorphic Hermitian vector bundle over a complete Kähler manifold M. Fix q, and suppose that for all u ∈ C ∞ c (M, E ⊗ Ω 0,q ), we have:
′′ ξ = u and:
Proof. We follow an argument from notes by Demailly [Dem96, p33, (8.4) Theorem]. We wish to find ξ such that
We claim that the existence of such a ξ with |ξ| 2 ≤ B is equivalent to the estimate:
is well defined and L 2 bounded, and thus it is of the form
Thus we arereduced to showing (2.9) for B = A |u| 2 . To prove (2.9), argue as follows. Since L 2 convergence implies distributional convergence, the kernel (in the sense of distributions) ker
′′ , we have:
(in the sense of distributions). Hence:
Combining (2.10) and (2.11), we see that to prove (2.9) with B = A |u| 2 , it suffices to show that:
This is true by hypothesis for
, and hence by Lemma 2.3 it holds given just that
Stein manifolds and solving the d ′′ -operator
Let V be a Stein manifold or a Stein domain. A smooth J-convex function φ :
(so h φ := g φ − iω φ is a Hermitian metric) whose distance function we denote by d φ (·, ·). The function φ also gives rise to a holomorphic Hermitian line bundle L φ over V , namely the trivial holomorphic line bundle C equipped with the Hermitian metric |·| L φ := e 
(2.14)
Proof. By Proposition 2.4, it suffices to show the estimate:
Applying the Morrey-Kohn-Hörmander identity (2.4) to the left hand side, it suffices to show the following pointwise curvature estimate:
, it suffices to show that:
We remark for clarity that the first composition is of maps L⊗Ω 0,q ⇄ L⊗Ω 0,q ⊗Ω 1,1 and the second composition is of maps L⊗Ω 0,q ⇄ L⊗Ω 1,q+1 . Let α 1 , . . . , α n denote the scaling factors associated to a simultaneous diagonalization of g and g φ , meaning that |v i | 
The operator ΛiΘ(L) has an orthonormal basis of eigenvectors with eigenvalues i∈I α i for all I ⊆ {1, . . . , n} with |I| = n − q. Thus to ensure (2.17), it suffices to have q min α i ≥ 1 + |Λ| |Θ(Ω 0,q )|, which can be achieved by choosing c = 1 + |Λ| |Θ(Ω 0,q )| since q > 0.
Lemma 2.6. Let φ : (C n , 0) → R be a germ of a smooth J-convex function. For all ǫ > 0, there exists a germ of a holomorphic function u : (C n , 0) → C satisfying:
in a neighborhood of zero.
Proof. The statement depends only on φ up to second order, so we may assume without loss of generality that:
where a, a i , a ij ∈ R and b ij = b ji . The statement is also unaffected by adding the real part of a holomorphic function to φ, so we may assume without loss of generality that a = a i = a ij = 0. Finally, the statement is unaffected by precomposing φ with a germ of biholomorphism of C n near zero, so we may diagonalize the positive definite Hermitian matrix (b ij ). Hence we have without loss of generality that φ(z) = |z| 2 , for which we may take u ≡ 0.
Donaldson's construction
We now use Donaldson's construction to prove Theorem 1.6. Let us begin by fixing some notation/terminology. We fix a Stein manifold V and a smooth exhausting J-convex function φ : V → R. We let V := {φ ≤ 0}, so ∂V = {φ = 0}. We denote by g := g φ the induced metric on V , with associated distance function
We denote by L := L φ the associated line bundle. For any positive real number k, we let
In what follows, we treat k as a fixed real parameter, and most statements (in particular, the notations O(·) and o(·)) are meant in the limit k → ∞ (i.e. for k sufficiently large). Most implied constants are independent of (V , φ) (unless stated otherwise), however how large k must be may (and almost always will) depend on (V , φ).
Near any point p 0 ∈ V , there exists a holomorphic coordinate chart Ψ :
n is an open subset containing zero, and a holomorphic function u : Ψ(U) → C, satisfying:
(for the existence of u, we appeal to Lemma 2.6). There exists such a triple (U, Ψ, u) for which the implied constants above are bounded as p 0 varies over any compact subset of V . It is convenient to also have at our disposal the rescaled coordinates Ψ k : (B(2), 0) → (V , p 0 ) defined by Ψ k (·) = Ψ(k −1/2 ·) and the rescaled function ku (for sufficiently large k), which satisfy:
ku of L k satisfies:
over its domain of definition Ψ(U). This "reference section" provides a convenient local holomorphic trivialization of L k over Ψ k (B(2)). We also need holomorphic sections of L k defined on all of V which satisfy a decay bound similar to (3.1) over {φ ≤ 1} and which approximate σ over Ψ k (B(2) ). That such sections exist is the content of the following lemma.
Lemma 3.1. Let (V , φ) be as above. Fix p 0 ∈ {φ = 0} and consider the associated coordinates Ψ and reference section σ as above. There are holomorphic sectionsσ,σ 1 , . . . ,σ n : V → L k satisfying:
• |σ r (p)| ≤ e
d k (p,p 0 ) 2 + e −ǫk over {φ ≤ 1} for r = 1, . . . , n.
• σ σ
• Ψ k − 1 ≤ e −ǫk over B(2).
• σr σ
• Ψ k − z r ≤ e −ǫk over B(2) for r = 1, . . . , n.
for some ǫ > 0 depending on (V , φ) and sufficiently large k.
Proof. Fix a smooth cutoff function β : V → [0, 1] supported inside Ψ(U) which equals 1 in a neighborhood of p 0 . Now d ′′ (βσ) 2 ≤ e −ǫk in the fixed metric g for sufficiently large k and some ǫ > 0 depending on (V , φ).
Fix a smooth exhausting J-convex function φ 1 : V → R which coincides with φ over {φ ≤ 2} and for which g kφ 1 ≥ c · g for sufficiently large k (for c as in Proposition 2.5). We apply Proposition 2.5 to (V , g, kφ 1 ) and conclude that there exists a section ξ of L k for which βσ + ξ is holomorphic and e 1 2 k·(φ−φ 1 ) ξ 2 ≤ d ′′ (βσ) 2 ≤ e −ǫk . Let us now show thatσ := βσ + ξ satisfies the desired properties. Over the set where β = 1, the section ξ is holomorphic. In particular, the function ξ σ
• Ψ k is holomorphic over B(3) (for sufficiently large k). We have ξ σ
• Ψ k B(3),2 ≤ e −ǫk , from which it follows that | ξ σ
• Ψ k | ≤ e −ǫk over B(2) (for a possibly smaller ǫ > 0 and larger k) since ξ σ
• Ψ k is holomorphic. Thus we have σ σ
• Ψ k − 1 ≤ e −ǫk over B(2). Now let p ∈ {φ ≤ 1} and consider the associated coordinates Ψ ′ and reference section σ ′ as above. We have
, from which it follows that
, which gives the desired decay bound onσ.
The argument for {σ r } 1≤r≤n is identical, with (z r • Ψ −1 k ) · σ in place of σ. It is helpful to rephrase Theorem 1.6 as follows in terms of the line bundle L k and the rescaled metric g k on V .
Theorem 3.2. Let V be a Stein manifold, equipped with a smooth exhausting J-convex function φ : V → R. For every sufficiently large real number k, there exists a holomorphic section s : V → L k such that:
• |s(p)| ≤ 1 for p ∈ {φ ≤ 1}.
• |s(p)| + |ds(p)| ξ | > η for p ∈ {φ = 0} (df measured in the metric induced by kφ).
Proof. 
, where n is the complex dimension of V .
We now specify the form of the section s : V → L k we will construct. For each p i , we will define a holomorphic section s i : V → L k satisfying the bound:
for p ∈ {φ ≤ 1} (3.2) (for some ǫ > 0 depending on (V , φ)) and we will let:
Let us observe immediately that this bound on |s i | implies that:
for p ∈ {φ ≤ 1}. In particular, this ensures the first condition |s(p)| ≤ 1 (after dividing by a constant factor depending only on n = dim V ). We introduce the following terminology. A section s : V → L k will be called η-transverse at p ∈ ∂V iff |s(p)| + |ds(p)| ξ | > η. Thus our goal is to construct sections s i satisfying the decay bound (3.2) so that s is η-transverse over ∂V for some η > 0 depending only on n. Part II. We will define the sections s i in a series of steps, at each step achieving (quantitative) transversality over some new part of ∂V , while maintaining (quantitative) transversality over the part of ∂V already dealt with. The most naive version of this procedure, choosing s i to achieve transversality over B i while maintaining transversality over B 1 , . . . , B i−1 , runs into trouble, essentially due to the rather large number of steps. Instead, we first construct a suitable coloring of the p i 's, and then in the inductive procedure we choose the s i 's for the p i 's of a particular color simultaneously (so there is one step per color). For this to work, we must ensure that points of the same color are sufficiently far apart.
Let D < ∞ be a (large) positive real number, to be fixed (depending only on n) at the end of the proof. We color the p i 's so that the d k -distance between any pair of points of the same color is at least D. More precisely, we construct such a coloring by iteratively choosing a maximal collection of yet uncolored points p i with pairwise distances ≥ D and then coloring this collection with a new color. Because each color was chosen from a maximal collection of yet uncolored points, it follows that the ball of radius D centered at any point colored with the final color contains points of every other color. Hence by volume considerations, it follows that the total number of colors M is O(D 2n−1 ). Let us denote the coloring function by c : {1, . . . , N} → {1, . . . , M}.
Part III. Let p < ∞ and A < ∞ be (large) positive real numbers, to be fixed (depending only on n) later in the proof. To be precise, we must first choose A (depending on n), then choose p (depending on n and A), and finally choose D (depending on n, A, and p).
It suffices to construct sections s i so that:
• For all j ∈ {1, . . . , M} and c(i) = j, we have:
for p ∈ {φ ≤ 1}. (3.5)
• For all j ∈ {1, . . . , M}, we have:
(3.6)
the reason for this particular choice will become apparent later).
We construct such sections s i by induction on j. More precisely, it suffices to suppose that sections s i are given for c(i) ≤ j − 1 (satisfying the above in the range {1, . . . , j − 1}) and to construct sections s i for c(i) = j (satisfying the above in the range {1, . . . , j}).
Part IV. As a first step, let us fix an index i with c(i) = j, and construct a section s i satisfying (3.5) so that s j−1 + s i is η j−1 |log η j−1 | −p -transverse over B i (for some p < ∞ depending on n and A).
Fix a triple (U, Ψ, u) based at p i ∈ ∂V (as discussed at the beginning of this section), with rescaling Ψ k and reference section σ = e 1 2 ku . We will use the local coordinates Ψ k and the reference section σ to measure the transversality of s j−1 + s i over B i . Precisely, we claim that it suffices to construct s i satisfying (3.5) so that:
is η j−1 |log η j−1 | −p -transverse over B(3/2) ∩ Ψ −1 k (∂V ). Indeed, σ is bounded above and below by (3.1), so this implies that s j−1 +s i is 1 C η j−1 |log η j−1 | −p -transverse over B i for some constant C < ∞ depending only on n (which we can absorb into the last factor by increasing p). Now as k → ∞, the real hypersurface B(3/2)∩Ψ −1 k (∂V ) approaches B(3/2)∩{Re z 1 = 0} in C ∞ , uniformly over the choice of p i ∈ ∂V . Since (3.7) is bounded uniformly over B(2), η-transversality over B(3/2) ∩ {Re z 1 = 0} implies (η − o(1))-transversality over B(3/2) ∩ Ψ −1 k (∂V ) (of course, the condition of η-transversality over a real hypersurface is with respect to its own Levi distribution). Since the number of colors M is bounded independently of k, it follows that η j−1 is bounded away from zero as k → ∞. Hence it suffices to show that (3.7) is η j−1 |log η j−1 | −p -transverse over B(3/2) ∩ {Re z 1 = 0} (we again lose a constant on the transversality estimate, but as before it can be absorbed into the exponent p).
For any vector w = (w 0 , w 2 , . . . , w n ) ∈ C n , we consider the holomorphic function on B(2) given by: s
A quantitative transversality theorem, Proposition 4.1 (whose proof we defer to later) says that for 1 3 > η > 0, there exists a vector w = (w 0 , w 2 , . . . , w n ) ∈ C n with |w| ≤ η so that (3.8) is η |log η| −p -transverse over B(3/2) ∩ {Re z 1 = 0} (for some p < ∞ depending only on n).
Letσ and {σ r } 1≤r≤n denote the "peak sections" based at p 0 = p i from Lemma 3.1. We define s i := w 0σ + w 2σ2 + . . . + w nσn (for w to be determined), so now (3.7) equals:
There is a constant C < ∞ such that for |w| ≤ 1 A·C η j−1 , the section s i satisfies the decay bound (3.5). By Proposition 4.1, there exists |w| ≤ 1 A·C η j−1 for which (3.8) is η j−1 |log η j−1 | −ptransverse over B(3/2) ∩ {Re z 1 = 0} (absorbing constants into p). It follows that (3.9) (and hence (3.7)) is (η j−1 |log η j−1 | −p − O(e −ǫk ))-transverse over B(3/2) ∩ {Re z 1 = 0}, which is enough.
Part V. We have constructed sections s i for c(i) = j with the property that s j−1 + s i is η j−1 |log η j−1 | −p -transverse over B i (for some p < ∞ depending on n and A). Now let us argue that with this choice of sections, s j is η j -transverse over X j (for some possibly different p < ∞ depending on n and A).
We know that s j differs from s j−1 over X j−1 by O(
))η j−1 -transverse over X j−1 , which gives η jtransversality over X j−1 once A and p are large.
We know that s j differs from
D 2 ) and that
D 2 ))-transverse over B i . This gives η j -transversality over B i (increasing p to make up for the lost constant factor) as long as we have:
for some constant B < ∞ depending only on n.
Hence we conclude that the entire construction succeeds as long as (3.10) holds for j = 1, . . . , M. It is elementary to observe that the recursive definition of η j yields rough asymptotics η j ≈ e −c·j log j (c depending on p). Thus it suffices to ensure that:
for some B ′ < ∞ depending on n and p. We observed earlier that M = O(D 2n−1 ), so this inequality is satisfied once D is sufficiently large.
Remark 3.4. A common theme in h-principle argumentsà la Gromov, in which we want to construct some structure globally on a given manifold X, is to extend the desired structure to larger and larger subsets · · · ⊆ X j−1 ⊆ X j ⊆ · · · in a series of steps. This reduces the desired result to an extension problem from X j−1 to X j (see for example EliashbergMishachev [EM02] ). For example, X j is usually taken to be (an open neighborhood of) the j-skeleton of X (under a fixed triangulation), the point being that now the topology governing the extension from X j−1 to X j is easy to understand. Donaldson's method, used in the proof above, employs a similar inductive procedure, but where one instead controls the geometry governing the extension from X j−1 to X j (the key point being that we can do local modifications independently at any collection of points which are sufficiently far away from each other).
Quantitative transversality theorem
We now prove the quantitative transversality theorem (Proposition 4.1) which was the key technical ingredient in Donaldson's construction as used in the proof of Theorem 3.2. The statement and proof are similar to Auroux [Aur00, §2.3]; see also [Aur02] . A key ingredient is an upper bound on the volume of tubular neighborhoods of real algebraic sets (Lemma 4.3) due to Wongkew [Won93] .
Proposition 4.1. Let B(1) ⊆ B(1+ǫ) ⊆ C n be the balls centered at zero. Fix a holomorphic function f : B(1 + ǫ) → C with |f | ≤ 1. For a vector w = (w 0 , w 2 , . . . , w n ) ∈ C n , we define:
For all 1/3 > η > 0, there exists a vector w ∈ C n satisfying |w| ≤ η |log η| p such that:
where ξ denotes the Levi distribution of {z ∈ B(1) : Re z 1 = 0}, and p < ∞ depends only on the dimension n and ǫ > 0.
Proof. For a given z ∈ B(1) with Re z 1 = 0, the quantity |f w (z)| + |df w (z)| ξ | vanishes for exactly one value of w. The function F : {z ∈ B(1) : Re z 1 = 0} → C n which associates to a given z this unique w is the restriction of a holomorphic function F : B(1 + ǫ) → C n . Explicitly:
In fact, the quantity |f w (z)| + |df w (z)| ξ | is bounded below by (a constant depending only on n, times) the distance from w to F (z). Hence it suffices to show that B(δ) \ N η (F ({z ∈ B(1) : Re z 1 = 0})) is nonempty for δ = η |log η| O(1) . Now F may be approximated to within error ≤ η on B(1) by a polynomial of degree O(|log η|) (the Taylor series of F converges exponentially). Hence it suffices to show that B(δ) \ N 2η (F ({z ∈ B(1) : Re z 1 = 0})) is nonempty for δ = η |log η| O(1) where F is a polynomial of degree O(|log η|).
Since F : {z ∈ C n : Re z 1 = 0} → C n is a polynomial of degree O(|log η|), a pidgeonhole principle argument (Lemma 4.2 below) implies that its image is contained in a real hypersurface X ⊆ C n of degree ≤ |log η| O(1) . Hence it suffices to show that B(δ) \ N 2η (X) is nonempty for δ = η |log η| O(1) and any real hypersurface X ⊆ C n of degree ≤ |log η| O(1) . Wongkew's estimate [Won93] (Lemma 4.3 below) on the volume of a tubular neighborhood of a real algebraic variety gives:
, this is less than the total volume of B(δ), which is enough. Lemma 4.3 (Wongkew [Won93] ). Let X ⊆ R n be a real algebraic variety of codimension m defined by polynomials of degree ≤ d. Then we have the following estimate:
where the implied constant depends only on n.
It can be seen via simple examples that this bound is sharp, up to the implied constant. For completeness, we reproduce Wongkew's argument below.
Proof. We proceed by induction on n, the case n = 0 being clear. All implied constants depend only on n. We assume for convenience that ǫ ≤ 1 (otherwise the desired estimate is clear).
Let H be the collection of hyperplanes H ⊆ R n given by constraining any one of the coordinates to lie in [−2ǫ, 1 + 2ǫ] ∩ (ǫZ + δ), where δ is chosen so that X intersects each H ∈ H properly (i.e. X ∩ H has codimension m inside H). Such a δ exists by Bertini's theorem. Clearly #H = O(ǫ −1 ). This set of hyperplanes partitions R n into some unbounded components and some cubes of side length ǫ. We denote the set of such cubes by C.
We call a cube C ∈ C exceptional iff X intersects the interior of C but not its boundary. The number of exceptional cubes is clearly bounded by dim H 0 (X), which by a result of Milnor [Mil64] is bounded by
. It is straightforward to check that:
(4.5)
Indeed, suppose p ∈ [0, 1] n and d(p, X) ≤ ǫ. There exists x ∈ X with d(p, x) ≤ ǫ, and x ∈ C for some (closed) cube C ∈ C. If C is exceptional, then p lies in the second term above. If C is not exceptional, then X ∩ ∂C is nonempty. It thus follows that
√ n, and so p lies in the first term above.
Now the inclusion (4.5) implies the following inequality on volumes:
If m = n, then the first term vanishes (each X ∩ H is empty by assumption), and Milnor's bound on the second term gives the desired result. If m ≤ n−1, then we apply the induction hypothesis to the first term and Milnor's result to the second term. The result is:
This implies the desired estimate for ǫd ≤ 1, and for ǫd ≥ 1 the desired estimate is trivial.
Lefschetz fibrations on Stein domains
We now show how the function f guaranteed to exist by Theorem 1.6 gives rise to a Lefschetz fibration. To be precise, we will show that Theorem 1.6 implies Theorem 1.5 and that Theorem 1.5 implies Theorem 1.4.
Proof of Theorem 1.5 from Theorem 1.6. Fix an embedding V ֒→ V of the Stein domain V into a Stein manifold V of the same dimension, and fix an exhausting J-convex function φ : V → R with V = {φ ≤ 0}. By Theorem 1.6, there exists (for sufficiently large k) a holomorphic function f : V → C such that:
We claim that the bound |f (p)| ≤ e 1 2 kφ(p) implies:
To see this, argue as follows. Fix a point p ∈ V and choose a holomorphic function u defined in a neighborhood of p such that Re u(q) = φ(q)+O(d(p, q) 2 ). It follows that f (q)·e
Expanding the left hand side and using the fact that du(p) = 2d ′ Re u(p) = 2d ′ φ(p), the claim follows. Now we take π := η −1 · f , which satisfies the desired properties.
Proof of Theorem 1.4 from Theorem 1.5. By Theorem 1.5, there exists (for sufficiently large k), a holomorphic function π : V → C such that:
Note that these conditions together imply that the critical locus of π is contained in the interior of π −1 (D 2 ). Both conditions are preserved under small perturbations of π, hence we may perturb π so that:
• All critical points of π on V are nondegenerate and have distinct critical values.
Indeed, the existence of such a perturbation follows from the standard fact that global holomorphic functions on any Stein manifold V generate O V and Ω 1 V at every point (this follows from Cartan's Theorems A and B, or by properly embedding V in C N ).
is a Stein Lefschetz fibration, so it suffices to construct a deformation of Stein domains from
, and lim x→0 − g(x) = ∞. Consider the family {π −1 (D 2 r )} 1≤r<∞ , and consider its smoothing {r −2 g(|π| 2 − r) + g(φ) ≤ M} 1≤r<∞ for some large M < ∞. Since π −1 (D 2 r ) is cut out by the inequalities φ ≤ 0 and Re log π ≤ log r, this smoothing gives the desired deformation as long as for every point p ∈ V with |π(p)| ≥ 1, the differentials dφ(p) and Re d log π(p) are either linearly independent or positively proportional.
, this condition is clearly satisfied for sufficiently large k.
Lefschetz fibrations on Weinstein domains
We now show how the existence of Lefschetz fibrations on Stein domains (Theorem 1.4) may be used to deduce the same for Weinstein domains (Theorem 1.9). For this implication, we use the result of Cieliebak-Eliashberg [CE12, Theorem 1.1(a)] that every Weinstein domain may be deformed to carry a compatible Stein structure. The main step (Proposition 6.2) is thus to show that for any Stein Lefschetz fibration π : V → D 2 , there exists an abstract Weinstein Lefschetz fibration whose total space is deformation equivalent to V sm .
From Stein structures to Weinstein structures
We give a very brief review of the relationship between Stein and Weinstein structures (for a complete treatment, the reader may consult [CE12, §1] ). Let (V, φ) be a pair consisting of a Stein domain V and a smooth J-convex function φ : V → R with ∂V = {φ = 0} as a regular level set. If φ is Morse (which can be achieved by small perturbation), then it induces the structure of a Weinstein domain on V , namely taking the 1-form λ φ := −J * dφ and the function φ itself. This Weinstein domain is denoted W(V, φ). For any deformation of Stein domains (V t , φ t ) t∈ [0, 1] where every φ t is generalized Morse (any {φ t } t∈[0,1] may be perturbed to satisfy this condition), the associated family W(V t , φ t ) t∈[0,1] is a deformation of Weinstein domains. In particular, the deformation class of W(V, φ) is independent of φ, so we may denote it by W(V ). Now a decisive result is the following (we state a simplified version which is sufficient for our purpose). The abstract Weinstein Lefschetz fibration associated to a Stein Lefschetz fibration may be described as follows. The "central fiber" W 0 is the Weinstein domain associated to a regular fiber π −1 (p) of π : V → D 2 , and the "vanishing cycles" L 1 , . . . , L m are the images of the critical points of π under symplectic parallel transport along a set of disjoint paths from the critical values of π to the regular value p. Hence the content of the proposition is that (as a Weinstein manifold) V sm may be described as a small product neighborhood of a regular fiber with Weinstein handles attached along the vanishing cycles.
We now give a detailed definition of the total space of an abstract Weinstein Lefschetz fibration.
. . , L m ) be an abstract Weinstein Lefschetz fibration. Its total space |W | is defined as follows. We equip W 0 × C with the Liouville form
|z| 2 ) and Lyapunov function φ 0 +|z| 2 . Fix Legendrian lifts Λ j ⊆ (W 0 ×S 1 , λ 0 +Ndθ) of the exact Lagrangians L j ⊆ W 0 such that Λ j projects to a small interval around 2πj/m ∈ S 1 (here we choose N < ∞ sufficiently large so that these intervals are disjoint). Now the embedding S 1 ֒→ C as the circle of radius √ N pulls back the Liouville form −J * d( |z| 2 ) to the contact form Ndθ. Hence we may think of Λ j as lying inside W 0 × C as a Legendrian on the level set {|z| = √ N }. The downward Liouville flow applied to Λ j gives rise to a map Λ j × R ≥0 → W 0 × C, which intersects the level set {φ 0 + |z| 2 = 0} in a Legendrian Λ ′ j (here we choose N < ∞ so that the projection of {φ 0 + |z| 2 ≤ 0} to C is contained inside the disk of radius √ N). The total space |W | is defined as the result of attaching Weinstein handles ( [Wei91] ) to the Weinstein domain {φ 0 + |z| 2 ≤ 0} along the Legendrians Λ
It is easy to see that |W | is well-defined up to canonical deformation (we will remark in detail on the well-definedness of Weinstein handle attachment in Lemma 6.6).
We now introduce a variant of the above construction, which will be used in the proof of Proposition 6.2.
as a regular level set, a function g : R <0 → R with g > 0, g ′ > 0, g ′′ > 0, and lim x→0 − g(x) = ∞, and a collection of exact parameterized Lagrangian (with respect to λ g(φ) ) spheres L j ⊆ V p j := π −1 (p j ) for distinct points p 1 , . . . , p m ∈ S 1 = ∂D 2 , ordered counterclockwise. We define its total space |W | as follows. We consider the J-convex function ǫg(φ) + 1 2 |π| 2 on V . The induced contact form on π −1 (∂D 2 ) may be written as ǫλ g(φ) + dθ. Let us center the S 1 -coordinate at p j ∈ S 1 , rescale it by ǫ −1 , and rescale the contact form by ǫ −1 . In the limit ǫ → 0, this rescaling of π −1 (∂D 2 ) converges to the contact manifold (V p j × R, λ g(φ) + dt). In V p j × R, there is a unique (up to translation) Legendrian Λ j projecting to L j . During the deformation of V p j ×R back to π −1 (∂D 2 ) for small ǫ > 0, there clearly exists a simultaneous Legendrian isotopy Λ (|π| 2 − 1) ≤ 0} along these Legendrians. This total space is independent of the choice of sufficiently small ǫ > 0 and the family {Λ ǫ i } ǫ≥0 up to canonical deformation. Definition 6.4 reduces to Definition 6.3 in the special case of a product fibration, in the sense that there is a canonical deformation equivalence:
where φ 0 : V 0 → R is J-convex with ∂V 0 = {φ 0 = 0} as a regular level set, L 1 , . . . , L m ⊆ V 0 are exact parameterized Lagrangian spheres with respect to λ g(φ 0 ) , and α 1 , . . . , α m ∈ S 1 = ∂D 2 are ordered counterclockwise. The right hand side of (6.1) is a slight abuse of notation, as we should really write W({g(φ 0 ) ≤ M}, g(φ 0 )) for sufficiently large M.
Proof of Proposition 6.2. We assume that 0 ∈ D 2 is a regular value of π and that each critical value of π has a distinct complex argument (this may be achieved by post-composing π with a generic Schwarz biholomorphism D 2 → D 2 ). Fix a smooth J-convex function φ : V → R with ∂ h V = {φ = 0} as a regular level set (as is guaranteed to exist by Definition 1.3). We let V 0 := π −1 (0) denote the central fiber, and we assume that φ 0 := φ| V 0 is Morse (this can be achieved by a small perturbation of φ).
By Lemma 6.5 below, there exists a smooth function g :
, and lim x→0 − g(x) = ∞, such that the symplectic connection on π :
is complete. Fix one such g. We consider parallel transport along radial paths in D 2 with respect to the symplectic connection induced by ω g(φ) . Under this parallel transport, each critical point of π sweeps out a Lagrangian disk called a Lefschetz thimble (to see this, apply the stable manifold theorem to the Hamiltonian vector field X Im log π , and recall that the critical values of π have distinct complex arguments). The fiber over 0 ∈ D 2 of a Lefschetz thimble is an exact Lagrangian sphere called a vanishing cycle. Let L 1 , . . . , L m ⊆ V 0 denote the vanishing cycles of all the critical points of π, ordered by angle. As stable manifolds of the vector field X Im log π , they come equipped with parameterizations S n−1 → L j , which are well-defined in
is an abstract Weinstein Lefschetz fibration, and it remains to show that its total space |W | is deformation equivalent to W(V sm ). We consider the J-convex function ǫg(φ) + h( |π| δ ) on V \ ∂ h V for small ǫ, δ > 0, where:
We claim that for (ǫ, δ) → (0, 0), the sublevel set:
is deformation equivalent to V sm . Indeed, consider the ≤ log 1 δ sublevel set of the linear interpolation between ǫg(φ) + h( |π| δ ) and ǫg(φ) + ǫg(|π| 2 − 1). As (ǫ, δ) → (0, 0), the boundary of this deformation stays arbitrarily close to ∂V , and the critical locus of the linear interpolation stays away from ∂V (note that this critical locus is always contained in the fiberwise critical locus of φ). Thus (6.3) is deformation equivalent to V sm as claimed. As (ǫ, δ) → (0, 0), the critical points of ǫg(φ) + h( where α j ∈ S 1 = ∂D 2 are the angles of the critical points of π. Hence using (6.1), we have shown the desired deformation equivalence between W(V sm ) and |(W(V 0 , g(φ 0 )); L 1 , . . . , L m )|.
Lemma 6.5. Let π : V → D 2 be a Stein Lefschetz fibration, and let φ : V → R be J-convex with ∂ h V = {φ = 0} as a regular level set. There exists a smooth function g : R <0 → R satisfying g ′ > 0, g ′′ > 0, and lim x→0 − g(x) = ∞, such that the symplectic connection on π : V \ ∂ h V → D 2 induced by ω g(φ) is complete, in the sense that parallel transport along a smooth path in the base D 2 gives rise to a diffeomorphism between the corresponding fibers (away from the critical points of π).
Proof. We will in fact show that there exists a natural contractible family of functions g which satisfy the desired conclusion for all (V, φ).
Let g : R <0 → R satisfy g ′ > 0, g ′′ > 0, and lim x→0 − g(x) = ∞. Let ⊥ φ (resp. ⊥ g(φ) ) denote orthogonal complement with respect to ω φ (resp. ω g(φ) ), so the horizontal distribution of the symplectic connection induced by ω g(φ) is (ker dπ) ⊥ g(φ) . From the explicit form:
it follows that the angle (measured with respect to the metric g φ ) between (ker dπ) ⊥ g(φ) and ker
) in a neighborhood of ∂ h V . It follows that:
· |π * X| (6.7)
near ∂ h V for any horizontal vector field X. Hence the connection is complete as long as:
< ∞. Moreover, the space of such functions is contractible, since the map g → (g(−1), log g ′ ) gives a bijection with a convex set.
Uniqueness of Weinstein handle attachment
We record here a proof of the fact that an elementary Weinstein cobordism is "the same" as a Weinstein handle attachment (the precise statement is Lemma 6.6), as was used in the proof of Proposition 6.2. We were unable to find a precise reference for this standard fact, though it is of course implicit in Weinstein's original paper [Wei91] , as well as in Cieliebak-Eliashberg [CE12] .
Recall that a Weinstein cobordism (W, λ, φ) is called elementary iff there is no trajectory of X = X λ between any two critical points. For a critical point p ∈ W , we denote by T in the sense that for all k ≥ 0, any family of such objects (W, i, q) over ∂D k can be extended to a family over D k .
There is also a version of Lemma 6.6 for any critical points of any index, though it is more complicated to state since subcritical handle attachment requires an additional piece of data (a framing of the symplectic normal bundle of the attaching sphere). In this paper, we only need the case of critical handle attachment, so we omit the more general statement and its proof. We thank Ya. Eliashberg for useful discussions regarding the proof.
